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Abstract: We show the consistent interactions in the generalized electrodynamics
gauge theory with higher derivative matter fields by means of the order reduction
method. We deduce the BRST deformations in the reduced Lagrangian and using the
equations of motion of the auxiliary fields in the antighost number zero part in the
resulting deformed action, we are able to obtain the consistent coupling terms added
into the original Lagrangian density which are compatible with the deformation master
equations. We emphasize that the order of deformations is truncated at four and the
corresponding higher-order deformations are equal to zero precisely. Moreover, the local
Abelian gauge symmetry turns out to be non-Abelian after the deformation procedure.
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1 Introduction
Higher derivatives [1,2] appear frequently in effective field theories through the higher
order operators and almost any effective theory obtained by integrating out some de-
grees of freedom of the underlying theory usually contains higher derivatives. The
first model of a higher-order derivative field theory is a generalization of the electro-
magnetic field proposed in the works of Podolsky [3] who suggested to modify the
Maxwell-Lorentz theory in order to avoid divergences such as the electron self-energy
and the vacuum polarization current which were caused by the singularity in classi-
cal electrodynamics. In such generalized electrodynamics gauge theory, the action is
modified by a second-order derivative of the gauge field term and therefore, the equa-
tions of motion turn out to be fourth-order partial differential equations but are still
linear in the fields [4,5]. In the context of gravity, higher-derivative modifications have
been studied extensively since they greatly improve the renormalization properties of
field theories [6-8] in four dimensions. More importantly, the existence of these higher
order terms will alter the effective potential and phase transitions of scalar fields in
curved spacetime and produce a profound influence on the research of astrophysical
and cosmological behaviors [9,10]. For instance, the higher derivative scalar fields play
very important role in the study of inflation of the universe which thus can be se-
lected as candidates of dark matter of the universe [11]. Higher derivative scalar fields
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are also present in supersymmetric field theories and have been studied very inten-
sively in the literature [12,13]. Furthermore, in the research of effective action for the
trace anomaly in conformal field theory [14], the higher derivative fermionic field the-
ories were considered as a dynamical mechanism for fermionic mass generation. In the
higher derivative gravity [15], although the Faddeev-Popov compensating fields are not
fermionic fields, they are anticommuting ones and therefore it is inevitable to study
the higher derivative fermionic systems. Besides, compared to the experimental results
of the W±, Z and γ self-interactions and of the Higgs sector in standard model, it is
possible to consider arbitrary interaction vertices of massive vector and scalar fields in
effective Lagrangians to explore the deviations of electroweak interactions. Such idea
can be achieved by adding higher order derivative terms in standard Yang-Mills vector-
boson self-interactions models. Therefore, the investigation of effective Lagrangians
with higher order derivatives is very significant from the theoretical and phenomeno-
logical point of view.
Recent works have applied the path integral formalism and the BFV approaches to
explore the quantization of the generalized electrodynamic systems [16,17]. In addition,
such higher derivative Lagrangian also has been investigated by means of the order re-
duction method in Faddeev-Jackiw quantization scheme [18]. Like the usual theories,
the higher derivative field theories may be endowed with gauge symmetry which implies
that these systems possess more degrees of freedom than the physical ones and hence
we might encounter constrains of dynamic variables [19,20]. The most powerful tool
to treat these constraints in gauge system is the BRST transformation developed by
Becchi, Rouet, Stora and Tyutin [21-23] through introducing a set of anticommutative
variables associated to every constraint and this idea provides an algebraic technique to
deal with the renormalization difficulties and explain anomalous phenomena in gauge
theories [24,25]. The central role in this formulation is the nilpotent BRST genera-
tor which generally can be divided into two parts, namely the Koszul-Tate differential
derivative and the exterior longitudinal derivative along the gauge orbits on the con-
straint surface proposed by Henneaux et al [26,27]. Under such decomposition, the
inequivalent infinitesimal local gaugings corresponding to BRST cohomology classes
in ghost number zero are characterized in the space of local functionals. Also an iso-
morphism has been established between these cohomology classes and the algebra of
observables, or more concretely the gauge invariant functionals in the original con-
straint theory [28-30]. While at the negative ghost number, the BRST cohomology
is identified with the "Characteristic cohomology" as pointed out in [28,31] that can
be interpreted as the generalization of the usual conserved currents in classical field
theories. Moreover, in the consideration of the BRST cohomology with positive ghost
number, we are certain to construct the consistent deformations in a gauge invariant
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action within the framework of antifield formulation [32,33].
More specifically, as is well known, the Batalin-Vilkovisky (BV) formalism [34-36]
is a natural extension of the BRST approach by doubling a collection of antifields with
opposite statistics compared to the classical ones. The core of the BV formalism is the
anticanonical bracket on the space of the local functionals of the whole fields/antifields
together with the existence of the master action S0 which fulfills the so-called master
equation (S0, S0) = 0 and the original action is viewed as its boundary condition [37,38].
The extended BRST transformation associated to the fields/antifields (φA, φ∗A) can in
general be read directly from this antibracket with the master action S0 [26]. When
restricted to the ordinary gauge theory, it is believed that we will recover the results of
BRST formulation mentioned above. Furthermore, through solving the deformations
of the master equation, we are able to derive the consistent interactions among the
gauge fields with the aid of the extended BRST cohomology in the antifield formalism
[39,40]. In principle, such BRST deformation procedure can be employed to higher-
order deformations where obstructions will arise naturally and the number of the gauge
symmetries is kept after the deformations. In the pure gauge theory, it is possible to add
gauge invariant terms to the Lagrangian without changing the gauge symmetries [41-
43], while coupled to matter fields, the required consistent deformations can be deduced
from the conservation of the currents resulting from the global invariance of the original
gauge-matter system [44,45]. Besides, the deformation procedure will alter the form of
the gauge transformations of the matter fields and the deformation parameter can be
regarded as the couplings constant among fields. Plenty of research has been made on
the area of the deformations of the master action in various contexts of gauge theories
through the analysis of BRST cohomology by Bizdadea et al [46-49] and the recent
developments of BRST consistent deformations can be consulted in [50-52].
In this work, we mainly intend to construct the consistent interactions in the gen-
eralized electrodynamics gauge theory with higher derivative matter fields including
real scalar, complex scalar and Dirac spinor fields. At first, we reduce this system
to an equivalent lower-order model with the help of the extra auxiliary gauge and
matter fields which is more manageable due to the simplicity arising from lower-order
derivative terms. Then by a detailed analysis of the BRST cohomology of the reduced
system, we are capable of deriving the first- and second-order deformations from the
deformation master equations and it can be proved that the corresponding higher-order
deformation terms vanish completely. After the deformation procedure, we extract the
antighost number zero part in the deformed master action and taking advantage of the
equations of motion of the auxiliary fields, one can convert this resulting Lagrangian
into an equivalent action containing of interactions expressed in terms of the classical
gauge and matter fields. Comparing to the original higher derivative system, we con-
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clude that these extra interaction terms are the consistent deformations we search for
and indeed they satisfy the deformation master equations but with tedious checks.
This paper is organized as follows. In section 2, we simply study the order reduced
system of the generalized electrodynamics theory with higher derivative real scalar fields
and review the standard BRST deformations of the general irreducible gauge theory
in the BV formalism. Based on these results, we show the cohomological derivation of
the consistent deformations in this free higher derivative gauge theory. Also, we calcu-
late the path integral of the higher derivative systems in the BRST-BV quantization
scheme by choosing appropriate gauge-fixing fermions and simply discuss the quantum
master equation as the generalization of classical ones. Section 3,4 are devoted to the
construction of consistent interactions in the situations of complex scalar fields and
Dirac spinor fields parallel to the discussion in the real scalar case. The final section of
this paper is for conclusion and further works.
2 Massless real scalar fields
2.1 BRST deformation
Let us consider the free generalized electrodynamics gauge theory with higher derivative
matter fields described by a set of N gauge fields Aaµ for a = 1, ..., N and a collection
of real scalar fields φi for i = 1, 2, ...,M in (3+1)-dimensional spacetime with metric
gµν = diag(−1,−1,−1, 1) as follows
L(Aaµ, φi) = −
1
4
F aµνF
µν
a +
m2
2
∂µF
µν
a ∂
λF aλν +
1
2
Gij(∂µφ
i∂µφj − 1
α
φiφj) (2.1)
here F aµν = ∂µAaν − ∂νAaµ is the usual electromagnetic field strength tensor and we
use the metric gµν raises and lows the indices, m,α are some constants and Gij is an
invertible symmetric constant matrix. It is obvious that since the presence of the real
scalar fields, the Lagrangian density L is invariant under the following Abelian local
gauge transformations with rigid symmetries
Aaµ → A
′a
µ = A
a
µ + ∂µλ
a, φi → φ′i = φi (2.2)
here λa are arbitrary functions. By variation with respect to the dynamic variables
Aaµ, φ
i, the fourth-order equations of motion for gauge fields and scalar fields are given
by
(1 +m2)(gµν− ∂µ∂ν)Aaν = 0, Gij(+ α)φj = 0 (2.3)
It is well known that the presence of higher derivative terms in any non-degenerate
Lagrangian will give rise to unbounded trajectories in the classical regime and to loss
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of unitarity at the quantum level. Such so-called Ostrogradsky instability yields the
Hamiltonian of the system is not bounded from below, or in other words the energy can
be lowered without any bound by increasing the momentum to large negative values
[53]. Unfortunately, this notorious phenomenon generally can not be cured by trying
to do any alternative canonical transformations. Recently, a class of higher derivative
theories of derived type was discussed in [54-56]. In these models, the âĂĲderivedâĂİ
means that the wave operator determining the equations of motion of the theory can
be formulated through a polynomial of arbitrary finite order in another lower order
differential operator. This lower order operator is supposed to be of the first or second
order and is termed as primary wave operator. At the free level, a symmetry of the
higher derivative system is a linear operator which is interchangeable with the primary
wave operator in certain condition. The existence of such symmetry will lead to n
independent higher order symmetries of the field equations if the order of the char-
acteristic polynomial of the wave operator is n. When combining these generators of
higher order symmetries together, we will obtain a series of n-parametric derived sym-
metries of the derived system which is connected to a series of independent conserved
quantities by the extension of Noether’s theorem. In particular, as one of the most
simplest symmetry of the primary wave operator, the spacetime translation invariance
will produce a series of conserved second-rank tensors including the standard canonical
energy-momentum tensors and the others are different independent integrals of mo-
tion. Although the canonical energy is unbounded in higher derivative system, these
series of conserved tensors can be bounded and thus the theory is stable in classical
regime, which also persists at quantum level [54]. Such analysis of stability in higher
derivative dynamics has been employed to the extended Chern-Simons theory coupled
to a charged scalar field in [57-59] and the related results can be directly applied to
the generalized electrodynamics. Therefore, the higher derivative Yang-Mills systems
with matter fields we investigate are stable both in free and coupling cases and by this
reason, they are considered as physically acceptable models.
In order to deal with the higher-order derivative terms in (2.1), we introduce a set
of auxiliary fields Baµ, Zi to reduce the order of the original Lagrangian density [18]
L˜ =− 1
4
F aµνF
µν
a −
m2
2
BaµB
µ
a +m
2∂µB
a
νF
µν
a +
1
2
Gij(∂µφ
i∂µZj
+
1
4
αφiφj +
1
4
αZiZj − 1
2
αφiZj)
(2.4)
which immediately gives us the coupled equations of motion
(gµν− ∂µ∂ν)Aaν = m2(gµν− ∂µ∂ν)Baν , (gµν− ∂µ∂ν)Aaν = −Bµa,
Gij(1 + 2

α
)φi = GijZ
i, Gij(1 + 2

α
)Zi = Gijφ
i
(2.5)
– 5 –
it is convenient to examine that the dynamical equations (2.3) can be retrieved after
simple algebraic manipulations from these coupled equations and therefore the reduced
Lagrangian is equivalent to the original one. Noting that the invariance of the La-
grangian (2.4) is guaranteed by the following local gauge transformations
∆λA
a
µ = ∂µλ
a, ∆λB
a
µ = 0, ∆λφ
i = 0, ∆λZ
i = 0 (2.6)
Within the standard BV framework, during our classical treatment discussed above,
we should add the ghost fields ηa due to the emergence of the irreducible gener-
ating set of the gauge symmetries and let us denote the extended set of fields by
φA = (Aaµ, B
a
µ, φ
i, Zi, ηa). Also to get a bigger conceptual picture, a collection of anti-
fields φ∗A = (A∗µa , B∗µa , φ∗i , Z∗i , η∗a) with opposite statistics compared to their partners are
needed for the Koszul-Tate resolution of the equations of motion. Then it is customary
to introduce the Grassmann parities, antighost, pureghost and ghost numbers both for
the fields and antifields as follows [28,45]
(Aaµ, B
a
µ, φ
i, Zi) = 0, (A∗µa , B
∗µ
a , φ
∗
i , Z
∗
i ) = 1, (η
a) = 1, (η∗a) = 0,
agh(Aaµ, B
a
µ, φ
i, Zi) = 0, agh(A∗µa , B
∗µ
a , φ
∗
i , Z
∗
i ) = 1, agh(η
a) = 0, agh(η∗a) = 2,
pgh(Aaµ, B
a
µ, φ
i, Zi) = 0, pgh(A∗µa , B
∗µ
a , φ
∗
i , Z
∗
i ) = 0, pgh(η
a) = 1, pgh(η∗a) = 0,
gh(Aaµ, B
a
µ, φ
i, Zi) = 0, gh(A∗µa , B
∗µ
a , φ
∗
i , Z
∗
i ) = −1, gh(ηa) = 1, gh(η∗a) = −2
(2.7)
The local functionals of the whole fields (φA, φ∗A) constitute an odd symplectic
manifold which is endowed with an odd Poisson bracket or called antibracket, that is,
for any two local functionals F (φA, φ∗A), G(φA, φ∗A), the antibracket is defined by [26]
(F,G) =
∫
M
(
∂rF
∂φA
∂lG
∂φ∗A
− ∂rG
∂φA
∂lF
∂φ∗A
)d4x (2.8)
here l, r refer to the left and right derivative respectively and the summation over A
is understand. This antibracket satisfies graded commutation, distribution and Jacobi
relations while the fields and antifields under this operation behave as coordinates and
momenta. In particular, the antibracket has ghost number 1.
On the other hand, it is well known that in the BV formalism of the general irre-
ducible gauge theory, the master action of the above gauge system can be constructed
from (2.4) as its boundary condition, then add higher order terms by associating every
antifield an irreducible generating set of gauge transformations that the gauge param-
eters are replaced by ghosts. In the current study, by means of the local gauge trans-
formation (2.6), the minimal solution of the master action S0
[
Aaµ, B
a
µ, φ
i, Zi, A∗µa , η
a
]
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admits the form of
S0 =
∫
d4x(− 1
4
F aµνF
µν
a −
m2
2
BaµB
µ
a +m
2∂µB
a
νF
µν
a +
1
2
Gij(∂µφ
i∂µZj
+
1
4
αφiφj +
1
4
αZiZj − 1
2
αφiZj) + A∗µa ∂µη
a)
(2.9)
which is a functional of ghost number 0 and the choice of the master action S0 is
uniquely defined up to anticanonical transformations as the BRST charge does.
At this point we stress that the BRST transformation associated to the fields/antifields
(φA, φ∗A) can be determined from this antibracket with the master action S0 through
the manner as
s = (S0, ·) (2.10)
as explained in [26,27], the BRST generator s = δ + γ of the general irreducible gauge
theory can be furthre decomposed into two parts called Koszul-Tate differential δ and
the exterior longitudinal derivative γ. In the present situation, they act on the gener-
ators of the BRST complex in the following way
δAaµ = δB
a
µ = γB
a
µ = δη
a = γηa = 0, γAaµ = ∂µη
a,
δA∗µa = ∂νF
µν
a +m
2(Bµa − ∂µ∂νBνa), δB∗µa = m2(Bµa + ∂νF νµa ),
γA∗µa = γB
∗µ
a = γη
∗
a = 0, δη
∗
a = −∂µA∗µa
(2.11)
together with
δφi = γφi = γφ∗i = 0, δφ
∗
i =
1
2
Gij(Zj − 1
2
αφj +
1
2
αZj),
δZi = γZi = γZ∗i = 0, δZ
∗
i =
1
2
Gij(φj − 1
2
αZj +
1
2
αφj)
(2.12)
At the quantum level, to calculate the path integral of system (2.9), a gauge con-
dition is necessary to remove redundant degrees of freedom and for the purpose of
implementing the covariant Lorentz gauge,one needs to add a non-minimal term to
(2.9) which has no influence on the solution of classical master equation,namely∫
d4xη¯∗aλa (2.13)
where η¯a are the antighosts of ghost number minus one, λa are the auxiliary field and
η¯∗a, λ∗a are the corresponding antifields. In this way, the total solution of classical
master equation is replaced by [27]
S0 =
∫
d4x(L˜+ A∗µa ∂µηa + η¯∗aλa) (2.14)
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now choosing a family of gauge-fixing fermions
Ψ =
∫
d3xη¯a(∂
µAaµ −
α
2
λa) (2.15)
here α is an arbitrary constant, particularly the transition amplitude of the original
gauge theory is independent of α. If one inserts (2.15) into the solution S0
[
φA, φ∗A
]
of
the master equation, one gets the "gauge-fixed action" SΨ
SΨ = S0
[
φA, φ∗A =
δΨ
δφA
]
(2.16)
and from (2.15) we have the following identification
η¯∗a = −(∂µAaµ −
α
2
λa), A∗µa = ∂
µη¯a (2.17)
which gives rise to the effective action
SΨ =
∫
d4x
[
L˜ − (∂µAaµ −
α
2
λa)λa − η¯aηa
]
(2.18)
here  is the usual D’Alembert operator. After integration over the auxiliary fields λa,
when α 6= 0, the path integral becomes
Z =
∫ [
DAaµ
] [
DBaµ
] [
Dφi
] [
DZi
]
[Dηa] [Dη¯a] exp
i
~
∫
d4x
[
L˜ − 1
2α
(∂µAaµ)
2 − η¯aηa
]
(2.19)
in the above expression, when α = 1 we simply obtain the Feynman gauge, while the
choice of α = 0 in (2.18) results in the Landau gauge.
Having at hand a solution of the classical master equation, it is of interest to deform
this action to construct the consistent interactions as follows
S = S0 + gS1 + g
2S2 + ...... (2.20)
substitution of this deformed quantity into the master equation (S, S) = 0 will lead to
a set of deformation master equations from different orders [43]
1 : (S0, S0) = 0,
g1 : 2(S0, S1) = 0,
g2 : 2(S0, S2) + (S1, S1) = 0,
g3 : (S0, S3) + (S1, S2) = 0,
......
(2.21)
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thus, the burden of a construction of consistent interactions in the master action is
to solve all these deformation equations at arbitrary order g, and the deformation
parameter g is thought of as representing couplings among the gauge and matter fields.
More generally, at the quantum level, we assume the transition amplitude takes
the integral form of
∫
exp(i/~)W , here W is a local functional of the fields/antifields
which differs from the classical master action by terms of higher order expansions in ~
W = S + ~M1 + ~2M2 + ......, ghW = 0 (2.22)
then the gauge-fixed integral is given by
Z =
∫ [
DφA
]
exp(i/~)W (φA, φ∗A =
δΨ
δφA
) (2.23)
for such path integral to be independent of the gauge-fixing fermion Ψ, exp(i/~)W
should be ∆-closed [27], that is to say
∆exp(i/~)W = 0, ∆ = (−1)(A)+1 δ
R
δφA
δR
δφ∗A
, ∆2 = 0 (2.24)
expanding the above expression in terms of ~, we are thus led to the equivalent condition
i~∆W − 1
2
(W,W ) = 0 (2.25)
this is the so-called quantum master equation in Batalin-Vilkovisky formalism and to
the zeroth order in ~, the quantum master equation reduces to the classical master
equation (S, S) = 0. In this paper, we mainly focus on the study of the consistent
deformations derived from the classical master equation and do not intend to learn
such quantum master equation.
2.2 First-order deformation
In this section, we shall confine our attention to a derivation of the solution of the
first-order deformation term S1 =
∫
d4xa1 in (2.21) which is satisfied by the equation
in the simple form of
0 = sS1 =
∫
d4xsa1 (2.26)
using the decomposition of the BRST operator s, it is instructive to rewrite it in the
local form
sa1 = δa1 + γa1 = ∂µV
µ
1 (2.27)
– 9 –
here we assume a1 fulfill gh(a1) = (a1) = 0. To search for the solution of (2.27), the
basic idea is to formulate the a1 according to the antighost number
a1 = a
(0)
1 + a
(1)
1 + ...+ a
(I)
1 (2.28)
here agh(a(i)1 ) = i. As expounded in [28,43], the highest antighost number I term
should be strictly satisfied by γa(I)1 = 0 and adopting the results developed in [28],
since the Cauchy order of our system equals to two, we claim that HI(δ|d) vanishes for
I > 2. Hence the expansion of (2.28) truncates at the antighost number two and we
acquire
a1 = a
(0)
1 + a
(1)
1 + a
(2)
1 (2.29)
with γa(2)1 = 0. Through a simple observation from (2.11) and (2.12), we assert that the
Koszul-Tate differential δ lowers the antighost number whereas the exterior longitudinal
derivative γ keeps the antighost number. Inserting (2.29) into (2.27) and comparing
the antighost number order by order, we immediately arrive at recursions for a(i)1
γa
(2)
1 = 0, δa
(2)
1 + γa
(1)
1 = ∂µV
µ(1)
1 , δa
(1)
1 + γa
(0)
1 = ∂µV
µ(0)
1 (2.30)
which enable us to construct the explicit expression of a1 and firstly, we find that the
general form of the solution a(2)1 is given by
a
(2)
1 =
1
2
fabcη
∗
aη
bηc (2.31)
here the constant fabc is antisymmetric with respect to the subscript b and c, that is
fabc = −facb (2.32)
the precise meaning of these coefficients is explained below. Proceeding recursively,
under this assumption by using the definition of γ above, there is no difficulty in
inferring
δa
(2)
1 =
1
2
∂µ(−fabcA∗µa ηbηc) + γ(fabcA∗µa ηbAcµ + fabcB∗µa ηbBcµ + φ∗iΓiaηa + Z∗i Γ¯iaηa) (2.33)
it is necessary to remark here that an extra term φ∗iΓiaηa + Z∗i Γ¯iaηa come up in the
formula (2.33), the conceptual reason is that although this term has no influence on
the value of δa(2)1 but it can produce great significance on the derivation of the desired
consistent deformation terms among the gauge and matter fields which will be discussed
quickly. For the moment, by companion of (2.30) with (2.33), it is easy for us to get
a
(1)
1 = −fabcA∗µa ηbAcµ − fabcB∗µa ηbBcµ − φ∗iΓiaηa − Z∗i Γ¯iaηa (2.34)
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applying the above recursion successively, we obtain
δa
(1)
1 =− fabc(∂νF µνa +m2Bµa −m2∂µ∂νBνa)ηbAcµ −m2fabc(Bµa + ∂νF νµa )ηbBcµ
+ δ(−φ∗iΓia − Z∗i Γ¯ia)ηa
(2.35)
The next task is to deduce the exact formula of antighost number zero part a(0)1 , at
first glance, in view of the fact that the action of γ on F aµν is trivial, namely γF aµν = 0
we are able to perform
γ(
1
2
fabcF
µν
a A
b
µA
c
ν −m2fabcAbµBcνF µνa −m2fabc∂µBνaAbµAcν)
=fabcF
µν
a ∂µη
bAcν −m2fabc∂µηbBcνF µνa −m2fabc∂µBνa(∂µηbAcν + Abµ∂νηc)
'− fabc(ηb∂µF µνa Acν + ηbF µνa ∂µAcν −m2ηb∂µBcνF µνa −m2ηbBcν∂µF µνa
−m2BνaηbAcν −m2∂ν∂µBνaAbµηc −m2∂µBνaηbF cµν)
=fabcη
b∂νF
µν
a A
c
µ −
1
4
(fabc + f
c
ba)F
µν
a η
bF cµν +m
2(fabc + f
c
ba)η
b∂µB
c
νF
µν
a
+m2fabc(η
bBcν∂µF
µν
a +BνaηbAcν + ∂ν∂µBνaAbµηc)
(2.36)
here ' denotes the equivalence up to total derivative terms since they make no con-
tributions to the integral in (2.30). At this stage, in order to construct the consistent
interactions in the original theory, with the help of (2.30) we emphasize that the sum
of (2.35) and (2.36) must be a total derivative term and therefore we should drop out
the redundant terms, these are
fabcB
µ
aη
bBcµ = 0, (f
a
bc + f
c
ba)F
µν
a η
bF cµν = 0, (f
a
bc + f
c
ba)η
b∂µB
c
νF
µν
a = 0 (2.37)
these vanishing conditions immediately give rise to the following relations
fabc = −f cba (2.38)
moreover, as we have pointed out that the last term in (2.35) is also natural to demand
to be a total derivative term which occurs only when
δ(−φ∗iΓia − Z∗i Γ¯ia) = ∂µJµa (2.39)
it is now enough to determine the a(0)1 as follows
a
(0)
1 =
1
2
fabcF
µν
a A
b
µA
c
ν −m2fabcAbµBcνF µνa −m2fabc∂µBνaAbµAcν + JµaAaµ (2.40)
collecting these results together, we eventually have gathered the basic ingredients to
express the first-order deformation in the form of
S1 =
∫
d4x(fabc(
1
2
F µνa A
b
µA
c
ν −m2AbµBcνF µνa −m2∂µBνaAbµAcν − A∗µa ηbAcµ
−B∗µa ηbBcµ +
1
2
η∗aη
bηc)− φ∗iΓiaηa − Z∗i Γ¯iaηa + JµaAaµ)
(2.41)
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It is interesting to ask whether we can provide a concrete representation for the
matter currents Jµa , to capture this aspect, it seems inevitable to consider the second-
order deformation S2 =
∫
d4xa2. Taking into account of the deformation equation
(S1, S1)+2(S0, S2) = 0 or as described before, in the local functional form this equation
is understood in the sense of
s11 + 2sa2 = ∂µV
µ
2 (2.42)
here (Si, Sj) =
∫
d4xsij. By the general arguments above, one is tempted to divide s11
in accordance with the antighost number into three parts s11 = s
(0)
11 + s
(1)
11 + s
(2)
11 and
utilize the canonical relations
(Aaµ(x), A
∗ν
b (y)) = (A
∗ν
b (y), A
a
µ(x)) = −δab δνµδ4(x− y),
(Baµ(x), B
∗ν
b (y)) = (B
∗ν
b (y), B
a
µ(x)) = −δab δνµδ4(x− y),
(φi(x), φ∗j(y)) = (φ
∗
j(y), φ
i(x)) = −δijδ4(x− y),
(Zi(x), Z∗j (y)) = (Z
∗
j (y), Z
i(x)) = −δijδ4(x− y),
(ηa(x), η∗b (y)) = (η
∗
b (y), η
a(x)) = −δab δ4(x− y)
(2.43)
after some cumbersome simplifications, the explicit expressions of the antighost number
one and two are shown as
s
(1)
11 =− (faibf icd + faicf idb + faidf ibc)(A∗µa ηbηcAdµ +B∗µa ηbηcBdµ)
+ (fabcΓ
i
a −
δRΓic
δφj
Γjb +
δRΓib
δφj
Γjc)φ
∗
i η
bηc + (fabcΓ¯
i
a −
δRΓ¯ic
δZj
Γ¯jb +
δRΓ¯ib
δZj
Γ¯jc)Z
∗
i η
bηc,
s
(2)
11 =−
1
6
(faibf
i
cd + f
a
icf
i
db + f
a
idf
i
bc)η
∗
aη
bηcηd
(2.44)
in the similar spirit, we further expand a2 as
a2 = a
(0)
2 + a
(1)
2 + a
(2)
2 (2.45)
here the antighost number of a(i)2 is i. In more detail, inserting (2.45) into (2.42), we
are thus led to the equalities
s
(2)
11 + 2γa
(2)
2 = ∂µk
µ(2)
2 ,
s
(1)
11 + 2δa
(2)
2 + 2γa
(1)
2 = ∂µk
µ(1)
1 ,
s
(0)
11 + 2δa
(1)
2 + 2γa
(0)
2 = ∂µk
µ(0)
1
(2.46)
it follows from (2.46) that through the comparison of both sides of equations, the s(2)11
and 2γa(2)2 should be total derivative terms which indeed is impossible only if [43,45]
s
(2)
11 = 0, a
(2)
2 = 0 (2.47)
– 12 –
inspecting (2.44) we see that this happens only if
faibf
i
cd + f
a
icf
i
db + f
a
idf
i
bc = 0 (2.48)
then, continuing this process and we find the terms s(1)11 , a
(1)
2 behave in the same way as
s
(1)
11 = 0, a
(1)
2 = 0 (2.49)
for each value of i, the above condition will give rise to a system of functional relations
for the unknown Γia, Γ¯ia
fabcΓ
i
a −
δRΓic
δφj
Γjb +
δRΓib
δφj
Γjc = 0, f
a
bcΓ¯
i
a −
δRΓ¯ic
δZj
Γ¯jb +
δRΓ¯ib
δZj
Γ¯jc = 0 (2.50)
for brevity, we just suppose the functionals Γia, Γ¯ia taking the linear form, namely
Γia = Γ
i
ajφ
j, Γ¯ia = Γ¯
i
ajZ
j (2.51)
plugging these expressions into (2.50) we get
ΓibjΓ
j
ck − ΓicjΓjbk = fabcΓiak, Γ¯ibjΓ¯jck − Γ¯icjΓ¯jbk = fabcΓ¯iak (2.52)
in principle, the accurate deformation equation (2.42) now could be carried out easily
when we employ the identities (2.48) and (2.50) which signifies that the s(1)11 , s
(2)
11 , a
(1)
2 , a
(2)
2
will not show up.
The constraints between Gij and Γiaj, Γ¯iaj can be analyzed by exploiting the condi-
tions (2.39), or more concretely we have
δ(−φ∗iΓia − Z∗i Γ¯ia) = δ(−φ∗iΓiajφj − Z∗i Γ¯iajZj)
=∂µJ
µ
a +
1
2
(GijΓ
i
al∂
µφj∂µZ
l +GijΓ¯
i
al∂
µZj∂µφ
l) +
1
4
αGilφ
lΓiajφ
j
+
1
4
αGilZ
lΓ¯iajZ
j − 1
4
αGilZ
lΓiajφ
j − 1
4
αGilφ
lΓ¯iajZ
j
(2.53)
here the matter currents Jµa take the form of
Jµa = −
1
2
(Gil∂
µφlΓiajZ
j +Gil∂
µZ lΓ¯iajφ
j) (2.54)
if we want to obtain a non-trivial local cohomology for Koszul-Tate differential δ at
antighost number zero we should require that the right-hand side of (2.53) be a total
derivative term which can be achieved only if
GijΓ
i
al +GilΓ
i
aj = 0, GijΓ¯
i
al +GilΓ¯
i
aj = 0, GijΓ
i
al +GilΓ¯
i
aj = 0 (2.55)
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under these constraints, the coefficients Γiaj and Γ¯iaj are no longer independent but in
fact related by
Γiaj = Γ¯
i
aj (2.56)
The Jacobi identity (2.48) shows strong evidence that it makes possible to rewrite
the first-order deformation in the matrix form which turns out to be much convenient
to explore the higher-order deformations. To see this, one introduces a set of matrix
generators (Γa)ij = Γiaj satisfying the following commutation relations
[Γb,Γc] = f
a
bcΓa (2.57)
essentially by imposing the normalization condition
tr(ΓaΓb) = δab (2.58)
with the suitable choices of fabc which will further lead to drastic simplifications of our
derivations and the Jacobi identity
[Γa, [Γb,Γc]] + [Γb, [Γc,Γa]] + [Γc, [Γa,Γb]] = 0 (2.59)
follows as a consequence of (2.48). We are aware of the fact that these Γa constitute
the basis of generators of the representation of some Lie algebra g and the fabc can be
interpreted as the structure constant coefficients. Also the relations (2.48) and (2.52)
simply revel that the deformed gauge transformations of the gauge and matter fields
generate the Lie algebras with the same structure constants. From now on, equipped
with this information it is reasonable to assume that the fields in Lagrangian take values
in the form of Lie algebra g, that is we would like to make the replacements
Aaµ → Aµ = AaµΓa, Baµ → Bµ = BaµΓa, F aµν → F µν = F aµνΓa, ηa → η = ηaΓa
(2.60)
at the same time we adopt the notation φ, Z for the column vectors of the scalar fields
φ = (φ1, φ2, ......, φM)T , Z = (Z1, Z2, ......, ZM)T (2.61)
and of course the row vectors φT , ZT are the transposes of φ, Z. The relations (2.55)
are then expressible in terms of the matrices Γa as
GΓa = −(GΓa)T = −ΓTaG, Γa = Γ¯a (2.62)
here GT = G since we suppose the matrix G is symmetric. Upon combining Aaµ with
Γa we learn that
GAµ = −(GAµ)T = −ATµG, Gη = −(Gη)T = −ηTG (2.63)
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which will be useful in the calculations below. Employing (2.54), it is not difficult to
find that the matter currents Jµa coupled to gauge fields Aaµ can be effectively rewritten
as
JµaA
a
µ = −
1
2
((∂µφ)TGAµZ + (∂
µZ)TGAµφ) (2.64)
and in fact, the conserved currents Jµa (2.54) could be received from the global invariance
∆φ = Γaφ+ ξ, ∆Z = ΓaZ + ξ (2.65)
of the real scalar fields in Lagrangian (2.4) according to the Noether’s theorem, here ξ
is arbitrary constant column vector.
As a result, the above g-valued fields allow us to write down the first-order defor-
mation S1 in a more compact and familiar form
S1 = tr
∫
d4x(
1
2
F µν [Aµ, Aν ]−m2 [Aµ, Bν ]F µν −m2∂µBν [Aµ, Aν ]
− A∗µ [η, Aµ]− 1
2
(∂µφ)TGAµZ − 1
2
(∂µZ)TGAµφ
−B∗µ [η,Bµ]− φ∗Tηφ− Z∗TηZ + 1
2
η∗ [η, η])
(2.66)
the procedure of construction of the first-order deformation described above is most
general and seems to be very meaningful, that requires further study to seek how it
works in the determination of the total deformed master action. In the next section we
will mainly calculate the higher-order deformations within this formalism and illustrate
its applications in other specific situations, including the complex scalar fields and Dirac
spinor fields.
2.3 Second-order deformation
In this section we concentrate on the computation of the seconde-order deformation S2
and to begin with, for later convenience, we decompose the S1 into three parts
Sg1 =tr
∫
d4x(
1
2
F µν [Aµ, Aν ]−m2 [Aµ, Bν ]F µν −m2∂µBν [Aµ, Aν ]),
Sm1 =tr
∫
d4x
1
2
(−(∂µφ)TGAµZ − (∂µZ)TGAµφ),
SA1 =tr
∫
d4x(−A∗µ [η, Aµ]−B∗µ [η,Bµ]− φ∗Tηφ− Z∗TηZ + 1
2
η∗ [η, η])
(2.67)
here Sg1 is the first-order deformation corresponds to the pure gauge part, Sm1 is the
first-order deformation of the matter fields part which can be regarded as the couplings
among the gauge and matter fields and the SA1 only contains the antifields terms. For
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the purpose of obtaining the second-order deformations, we realize that the evaluation
of (S1, S1) only originates from the antibracket between (Sg1 , SA1 ) as well as (Sm1 , SA1 )
since (Sg1 , Sm1 ) vanishes automatically. Therefore in practice, this simple observation
forces us to divide the second-order deformation into S2 = Sg2 +Sm2 and thus it is suffice
to tackle the equations
(Sg1 , S
A
1 ) + sS
g
2 = 0, (S
m
1 , S
A
1 ) + sS
m
2 = 0 (2.68)
for the sake of concreteness, we intend to compute (Sg1 , SA1 ) and paying attention that
for arbitrary function f(x), we have the following fact of the Dirac’s function∫ ∞
−∞
f(x)
dn
dnx
δ(x− c) = (−1)n
[
dn
dnx
f(x)
]
x=c
(2.69)
then it follows that
(tr
∫
d4x
1
2
F µν [Aµ, Aν ] ,−tr
∫
d4yA∗j [η,Aj])
=
1
2
tr
∫
d4xη([Aµ, [Aν , F
µν ]] + [Aν , [F
µν , Aµ]]− [Aν , ∂µ [Aµ, Aν ]] + [Aµ, ∂ν [Aµ, Aν ]])
=
1
2
tr
∫
d4xη(− [Fµν , [Aµ, Aν ]]− [Aν , ∂µ [Aµ, Aν ]] + [Aµ, ∂ν [Aµ, Aν ]])
(2.70)
in the above calculation, use has been made of the following property of trace
tr([A,B]C) = tr(A [B,C]) (2.71)
together with the help of the Jacobi identity. For the remaining terms in (2.68), ap-
plying the property of the Dirac’s function again we have
(tr
∫
d4x(− [Aµ, Bν ]F µν − ∂µBν [Aµ, Aν ]),−tr
∫
d4y(A∗µ [η, Aµ] +B∗µ [η,Bµ]))
=tr
∫
d4xη([Aν , ∂µ [Aµ, Bν ]]− [Aµ, [Bν , F µν ]]− [Aµ, ∂ν [Aµ, Bν ]]− [Bν , [F µν , Aµ]]
+ [Bν , ∂µ [A
µ, Aν ]]− [Aµ, [Aν , ∂µBν ]]− [Aν , [∂µBν , Aµ]])
(2.72)
on the other hand, taking the partial integration we notice that
s(tr
∫
d4x− 1
4
[Aµ, Aν ] [A
µ, Aν ])
=− 1
2
tr
∫
d4x([∂µη, Aν ] + [Aµ, ∂νη]) [A
µ, Aν ]
=
1
2
tr
∫
d4xη([Fµν , [A
µ, Aν ]] + [Aν , ∂µ [A
µ, Aν ]] + [∂ν [A
µ, Aν ] , Aµ])
(2.73)
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in the similar way we acquire
s(tr
∫
d4x [Aµ, Bν ] [A
µ, Aν ])
=− tr
∫
d4xη([∂µBν , [A
µ, Aν ]] + [Bν , ∂
µ [Aµ, Aν ]] + [F µν , [Aµ, Bν ]]
+ [Aν , ∂µ [Aµ, Bν ]] + [∂
ν [Aµ, Bν ] , A
µ])
(2.74)
from these explicit expressions and by using the Jacobi identity
[Aµ, [Bν , F
µν ]] + [Bν , [F
µν , Aµ]] + [F
µν , [Aµ, Bν ]] = 0 (2.75)
as well as
[Aµ, [Aν , ∂µBν ]] + [A
ν , [∂µBν , A
µ]] + [∂µBν , [A
µ, Aν ]] = 0 (2.76)
we find that the sum of above s-exact terms is in agreement with −(Sg1 , SA1 ) and con-
sequently the solution of deformation equations (2.68) is given by
Sg2 =tr
∫
d4x(−1
4
[Aµ, Aν ] [A
µ, Aν ] +m2 [Aµ, Bν ] [A
µ, Aν ]) (2.77)
We now turn the attention to the investigation of (Sm1 , SA1 ) which is determined
from the canonical relations between the pairs (Aµ, φ, Z) and (A∗µ, φ∗, Z∗), and actually
we have
(
∫
d4xJµaA
a
µ,−tr
∫
d4yA∗µ [η, Aµ])
=− 1
2
∫
d4x((∂µφ)TG [η, Aµ]Z + (∂
µZ)TG [η, Aµ]φ)
(2.78)
along with
(
∫
d4xJµaA
a
µ,−
∫
d4y(φ∗Tηφ+ Z∗TηZ))
=
1
2
∫
d4x
[
(ηφ)TG∂µ(AµZ)− (∂µφ)TGAµηZ + (ηZ)TG∂µ(Aµφ)− (∂µZ)TGAµηφ
]
(2.79)
which thus yield the following result
(Sm1 + S
A
1 , S
m
1 + S
A
1 ) =
∫
d4x((ηφ)TG∂µ(AµZ)− (∂µφ)TGηAµZ
+ (ηZ)TG∂µ(Aµφ)− (∂µZ)TGηAµφ)
(2.80)
– 17 –
on the other hand, after a straightforward computation we obtain
s(
∫
d4x(Aµφ)
TGAµZ)
=
∫
d4x((∂µηφ)
TGAµZ + (Aµφ)
TG∂µηZ)
=−
∫
d4x((η∂µφ)TGAµZ + (ηφ)
TG∂µ(AµZ) + ∂
µ(Aµφ)
TGηZ + (Aµφ)
TGη∂µZ)
(2.81)
by making using of the fact for ηT as shown in (2.63), one asserts that
(η∂µφ)TG = (∂µφ)TηTG = −(∂µφ)TGη (2.82)
similarly for (η∂µZ)TG and comparing (2.80) with (2.81), we conclude that the solution
of (2.68) for couplings part can be cast in the form
Sm2 =
1
2
∫
d4x(Aµφ)
TGAµZ (2.83)
finally putting (2.77) and (2.83) together, we get the second-order deformation S2 =
Sg2 + S
m
2 which presents as
S2 =tr
∫
d4x(−1
4
[Aµ, Aν ] [A
µ, Aν ] +m2 [Aµ, Bν ] [A
µ, Aν ] +
1
2
(Aµφ)
TGAµZ) (2.84)
2.4 Higher-order deformation
We now proceed to the evaluation of the third-order deformation at g3 and as we have
already said, in order to solve the deformation equation (S1, S2) + sS3 = 0 we wish to
compute the (S1, S2). Firstly, it is interesting to recognize that by means of the Jacobi
identity we simply infer
(−tr
∫
d4xA∗µ [η,Aµ] , tr
∫
d4y(−1
4
[Aµ, Aν ] [A
µ, Aν ])) = 0 (2.85)
analogously a direct calculation shows that
(−tr
∫
d4x(A∗ν [η,Aν ] +B∗µ [η,Bµ]), tr
∫
d4y [Aµ, Bν ] [A
µ, Aν ])
=tr
∫
d4xη([Aµ, [Bν , [A
µ, Aν ]]] + [Aµ, [Aν , [Aµ, Bν ]]] + [A
ν , [[Aµ, Bν ] , A
µ]]
+ [Bν , [[A
µ, Aν ] , Aµ]])
=tr
∫
d4xη([Aµ, [Aν , [Aµ, Bν ]]] + [A
ν , [[Aµ, Bν ] , A
µ]]− [[Aµ, Aν ] , [Aµ, Bν ]])
=0
(2.86)
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these consequences imply that
(S1, S
g
2) = 0 (2.87)
in addition, according to our discussion of the second-order deformation about the
couplings part we need to calculate
(−
∫
d4y(φ∗Tηφ+ Z∗TηZ), Sm2 ) =
1
2
∫
d4x(φTGηAµA
µZ − φTGAµAµηZ) (2.88)
here we use property (2.63) again. Similarly, without efforts we deduce
(−tr
∫
d4xA∗µ [η, Aµ] , Sm2 ) =
1
2
∫
d4x(φTGAµA
µηZ − φTGηAµAµZ) (2.89)
certainly one can verify that
(S1, S
m
2 ) = 0 (2.90)
after substituting these results into the third-order deformation equation (2.21), we
immediately assert that S3 = 0 and furthermore, the other higher-order deformations
can be fixed by the suitable choices of Si = 0 for i ≥ 4. At this point, we obtain the
total solution of the deformation master equations of the reduced Lagrangian density
that admits the form of
S =tr
∫
d4x(−1
4
FµνF
µν − m
2
2
BµB
µ +m2∂µBνF
µν +
1
2
(∂µφ)
TG∂µZ +
1
8
αφTGφ
+
1
8
αZTGZ − 1
4
αφTGZ + A∗µ∂µη + g(
1
2
F µν [Aµ, Aν ]−m2 [Aµ, Bν ]F µν
−m2∂µBν [Aµ, Aν ]− 1
2
(∂µφ)TGAµZ − 1
2
(∂µZ)TGAµφ− A∗µ [η,Aµ]
−B∗µ [η,Bµ] + 1
2
η∗ [η, η]) + g2(−1
4
[Aµ, Aν ] [A
µ, Aν ] +m2 [Aµ, Bν ] [A
µ, Aν ]
+
1
2
(Aµφ)
TGAµZ))
(2.91)
To simplify this expression, let us introduce the field strength Fµν , covariant deriva-
tive Dµ and the operator dµ
Fµν = Fµν − g [Aµ, Aν ] , Dµ = ∂µ − g [Aµ, ] , dµ = ∂µ − gAµ (2.92)
in this way, the antighost number zero part S¯0 [Aµ, φ, Z] in the above deformed master
action can be expressed as follows
S¯0 [Aµ, φ, Z] =tr
∫
d4x(−1
4
FµνFµν − m
2
2
BµB
µ +m2DµBνFµν
+
1
2
(dµφ)
TGdµZ +
1
8
αφTGφ+
1
8
αZTGZ − 1
4
αφTGZ)
(2.93)
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with the help of the equations of motion of auxiliary fields
Bν = −DµFµν , Z = φ+ 2
α
dµd
µφ (2.94)
we are capable of converting this Lagrangian into an equivalent form
S¯0 = tr
∫
d4x(− 1
4
FµνFµν + m
2
2
DµFµνDλFλν + 1
2
(dµφ)
TGdµφ
− 1
2α
(dµd
µφ)TGdµdµφ)
(2.95)
now comparing (2.1) with (2.95), it is evident to see that the corresponding couplings
are induced through the replacement of the Abelian curvatures by non-Abelian ones
and the usual ordinary derivatives by the covariant ones, together with some possi-
ble couplings terms among gauge and scalar fields which are necessary for consistency.
This can also be seen by expanding the expressions of the power series of parameter
g. In conclusion, the action (2.95) provides all the necessary information on the La-
grangian density of the interacting theory among the gauge and matter fields which
can be regarded as the non-Abelian extension of the free higher derivative Yang-Mills
gauge theory with matter fields, while the original local symmetries turn out to be the
following non-Abelian gauge transformations
δξA
a
µ = ∂µξ
a − gfabcAbµξc, δξφi = −gΓiajφjξa (2.96)
for arbitrary functions ξa and the parameter g is interpreted as the couplings constant
among the gauge and matter fields. As explained in [54], when the free dynamics (2.1)
is stable, the energy of system (2.95) including self-interacting and coupling terms can
still have a local minimum in a neighborhood of zero solution and hence such theories
are also considered as physically acceptable models which could be studied by means
of perturbation expansion.
Consequently, the total solutions of the deformed master action can be formulate
as (including the non-minimal term)
S =tr
∫
d4x(S¯0 + A
∗µ∂µη − gA∗µ [η, Aµ]− gB∗µ [η,Bµ] + 1
2
gη∗ [η, η] + η¯∗λ) (2.97)
in order to evaluate the path integral of this non-Abelian coupling system, let us choose
the following gauge-fixing fermion
Ψ = tr
∫
d4x(η¯nµAµ) (2.98)
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here nµ is an arbitrary constant vector and from (2.16), the non-trivial values of the
antighost fields are easy to calculated as
A∗µ = −η¯nµ, η¯∗ = −nµAµ (2.99)
then path integral turns out to be
Z =
∫
[DAµ] [DBµ] [Dφ] [DZ] [Dη] [Dη¯] [Dλ] exp
i
~
(S¯0 +
∫
d4x(−η¯nµD¯µη − nµAµλ))
(2.100)
here D¯µ = ∂µ + g [Aµ, ] and it is obvious to see that integral over the auxiliary field
λ will give us the usual axial gauge nµAµ = 0.
3 Massive complex scalar fields
In this section, we consider the following free Lagrangian density between the Abelian
gauge fields and a set of complex massive scalar fields (ϕi, ϕ¯i) with higher-order deriva-
tive terms
L = −1
4
F aµνF
µν
a +
m2
2
∂µF
µν
a ∂
λF aλν + ∂µϕ
i∂µϕ¯i − 1
α
ϕiϕ¯i −M2ϕiϕ¯i (3.1)
here M is some constant. The dynamic equations of motion for matter fields (ϕi, ϕ¯i)
associated to the Lagrangian density are
(+ α)ϕi + αM2ϕi = 0, (+ α)ϕ¯i + αM2ϕ¯i = 0 (3.2)
then by the standard approach of order reduction method, we introduce a set of complex
auxiliary scalar fields (Zi, Z¯i) and the above Lagrangian can be equivalently recast in
the form of
L˜ =− 1
4
F aµνF
µν
a −
m2
2
BaµB
µ
a +m
2∂µB
a
νF
µν
a +
1
2
(∂µϕ
i∂µZ¯i + ∂
µϕ¯i∂µZ
i)
+
1
4
αϕiϕ¯i +
1
4
αZiZ¯i − 1
4
α(ϕiZ¯i + ϕ¯iZ
i)−M2ϕiϕ¯i
(3.3)
with the equations of motion
(1 + 2

α
)ϕi = Zi, (1 + 2

α
)ϕ¯i = Z¯i,
(2+ α)Zi = αϕi − 4M2ϕi, (2+ α)Z¯i = αϕ¯i − 4M2ϕ¯i
(3.4)
for complex scalar and auxiliary fields. As pointed out previously, the Lagrangian
density (3.3) is invariant under the local gauge transformations
∆λA
a
µ = ∂µλ
a, ∆λϕ
i = 0, ∆λϕ¯i = 0, ∆λZ
i = 0, ∆λZ¯i = 0 (3.5)
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It is convenient to list just the action of the Koszul-Tate differential on the gener-
ators ϕ∗i , ϕ¯∗i, Z∗i , Z¯∗i in the BRST complex due to the other actions are all trivial
δϕ∗i =
1
2
(Z¯i − 1
2
αϕ¯i +
1
2
αZ¯i) +M
2ϕ¯i, δZ
∗
i =
1
2
(ϕ¯i − 1
2
αZ¯i +
1
2
αϕ¯i),
δϕ¯∗i =
1
2
(Zi − 1
2
αϕi +
1
2
αZi) +M2ϕi, δZ¯∗i =
1
2
(ϕi − 1
2
αZi +
1
2
αϕi)
(3.6)
proceeding as before, bearing in mind of (2.39) and now we need four sets of iΓiaj, iΓ¯
j
ai, iT
i
aj, iT¯
j
ai
corresponding to ϕj, ϕ¯j, Zj, Z¯j respectively. From (3.6) we have
δ(−iϕ∗iΓiajϕj − iϕ¯∗iΓ¯jaiϕ¯j − iZ∗i T iajZj − iZ¯∗iT¯ jaiZ¯j)
=∂µJ
µ
a +
i
2
(∂µZ¯iΓ
i
aj∂µϕ
j + ∂µZiΓ¯jai∂µϕ¯j + ∂
µϕ¯iT
i
aj∂µZ
j + ∂µϕiT¯ jai∂µZ¯j
− 1
2
αZ¯iΓ
i
ajϕ
j − 1
2
αZiΓ¯jaiϕ¯j −
1
2
αϕ¯iT
i
ajZ
j − 1
2
αϕiT¯ jaiZ¯j +
1
2
αϕ¯iΓ
i
ajϕ
j
+
1
2
αϕiΓ¯jaiϕ¯j +
1
2
αZ¯iT
i
ajZ
j +
1
2
αZiT¯ jaiZ¯j)− iM2ϕ¯iΓiajϕj − iM2ϕiΓ¯jaiϕ¯j
(3.7)
here the presence of i emerges from the fact that the "conjugated" between ϕi and ϕ¯i.
The matter currents Jµa in present discussion are given by
Jµa = −
i
2
(∂µZ¯iΓ
i
ajϕ
j + ∂µZiΓ¯jaiϕ¯j + ∂
µϕ¯iT
i
ajZ
j + ∂µϕiT¯ jaiZ¯j) (3.8)
a similar analysis of the local cohomology for Koszul-Tate differential δ at antighost
number zero can be carried out for (3.7), we must ensure that the right-hand side of
this equation be a total derivative term and in view of this, the following relations
should hold
Γiaj + T¯
i
aj = 0, Γ¯
i
aj + T
i
aj = 0, Γ
i
aj + Γ¯
i
aj = 0, T
i
aj + T¯
i
aj = 0 (3.9)
while in the matrix form (Γa)ij = Γiaj we have
Γ¯a = −Γa, Ta = Γa, T¯a = −Γa (3.10)
by using this, one can show that the conserved currents Jµa (3.8) can be obtained from
the global invariance
∆ϕ = iξaΓaϕ, ∆ϕ¯ = −iξaΓTa ϕ¯, ∆Z = iξaΓaZ, ∆Z¯ = −iξaΓTa Z¯ (3.11)
of the matter fields for arbitrary constants ξa and the first-order deformation of the
couplings part in complex scalar case takes the form of
Sm1 = −
i
2
∫
d4x((∂µZ¯)TAµϕ− (∂µZ)TATµ ϕ¯+ (∂µϕ¯)TAµZ − (∂µϕ)TATµ Z¯) (3.12)
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Thus it is significance to claim that the derivation of the second-order deformation
of the massive complex scalar fields is apparently parallel to that of the real scalar
case by comparing (2.67) with (3.12). We firstly compute (Sm1 , SA1 ) and in the current
situation, the procedure shown in the previous section demonstrates that
SA1 = tr
∫
d4x(−iA∗µ [η, Aµ]− iB∗µ [η,Bµ]− iϕ∗Tηϕ+ iϕ¯∗TηT ϕ¯
− iZ∗TηZ + iZ¯∗TηT Z¯ + i
2
η∗ [η, η])
(3.13)
as we discussed before, utilizing the canonical relations between fields and antifields we
have
(
∫
d4xJµaA
a
µ,−tr
∫
d4yiA∗µ [η, Aµ])
=
1
2
∫
d4x((∂µZ¯)T [η, Aµ]ϕ− (∂µZ)T [η, Aµ]T ϕ¯+ (∂µϕ¯)T [η,Aµ]Z − (∂µϕ)T [η, Aµ]T Z¯)
(3.14)
together with
(
∫
d4xJµaA
a
µ,−
∫
d4yi(ϕ∗Tηϕ− ϕ¯∗TηT ϕ¯+ Z∗TηZ − Z¯∗TηT Z¯))
=
1
2
∫
d4x(Z¯Tη∂µ(Aµϕ) + (∂
µZ¯)TAµηϕ+ (ηZ)
T∂µ(ATµ ϕ¯) + (∂
µZ)TATµη
T ϕ¯
+ ϕ¯Tη∂µ(AµZ) + (∂
µϕ¯)TAµηZ + (ηϕ)
T∂µ(ATµ Z¯) + (∂
µϕ)TATµη
T Z¯)
(3.15)
combining it with (3.14) we obtain
(Sm1 + S
A
1 , S
m
1 + S
A
1 )
=
∫
d4x(Z¯Tη∂µ(Aµϕ) + (∂
µZ¯)TηAµϕ+ (ηZ)
T∂µ(ATµ ϕ¯) + (∂
µZ)TηTATµ ϕ¯
+ ϕ¯Tη∂µ(AµZ) + (∂
µϕ¯)TηAµZ + (ηϕ)
T∂µ(ATµ Z¯) + (∂
µϕ)TηTATµ Z¯)
(3.16)
on the other hand, similar to the real scalar fields let us investigate
s(
∫
d4x((Aµϕ)TATµ Z¯ + (A
µZ)TATµ ϕ¯))
=
∫
d4x((∂µηϕ)TATµ Z¯ + (A
µϕ)T (∂µη)
T Z¯ + (∂µηZ)TATµ ϕ¯+ (A
µZ)T (∂µη)
T ϕ¯)
=−
∫
d4x((η∂µϕ)TATµ Z¯ + (ηϕ)
T∂µ(ATµ Z¯) + ∂µ(A
µϕ)TηT Z¯ + (Aµϕ)TηT∂µZ¯
+ (η∂µZ)TATµ ϕ¯+ (ηZ)
T∂µ(ATµ ϕ¯) + ∂µ(A
µZ)TηT ϕ¯+ (AµZ)TηT∂µϕ¯)
(3.17)
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an immediate outcome of the above results is the determination of Sm2 which can be
directly seen upon using the fact
∂µ(A
µϕ)TηT Z¯ = (∂µ(A
µϕ)TηT Z¯)T = Z¯Tη∂µ(Aµϕ) (3.18)
analogously for (η∂µZ)TG and we assert that the equation (2.68) is solved by taking
Sm2 =
1
2
∫
d4x
[
(Aµϕ)TATµ Z¯ + (A
µZ)TATµ ϕ¯
]
(3.19)
The same process may be followed if we search for the third-order deformation Sm3
for the couplings part and we should calculate
(Sm2 ,−tr
∫
d4yiA∗µ [η, Aµ])
=− i
2
∫
d4x(([η, Aµ]ϕ)TATµ Z¯ + (A
µϕ)T [η, Aµ]
T Z¯ + ([η, Aµ]Z)TATµ ϕ¯
+ (AµZ)T [η,Aµ]
T ϕ¯)
(3.20)
as well as
(Sm2 ,−
∫
d4iy(ϕ∗Tηϕ− ϕ¯∗TηT ϕ¯+ Z∗TηZ − Z¯∗TηT Z¯))
=− i
2
∫
d4x((Aµηϕ)TATµ Z¯ − (Aµϕ)TATµηT Z¯ − (AµZ)TATµηT ϕ¯+ (AµηZ)TATµ ϕ¯)
(3.21)
expanding [ , ] in (3.20) and a simple algebraic manipulation shows that
(S1, S
m
2 ) = 0 (3.22)
which means Si = 0 for i ≥ 3 as we exhibit before. Now following the lines discussed in
the real scalar case, the antighost number zero part S¯0
[
Aµ, ϕ, ϕ¯, Z, Z¯
]
of the deformed
master action S can be written in a compact formula
S¯0 =tr
∫
d4x(−1
4
FµνFµν − m
2
2
BµB
µ +m2DµBνFµν + 1
2
((dµZ)
T d¯µϕ¯
+ (dµϕ)T d¯µZ¯) +
1
4
αϕT ϕ¯+
1
4
αZT Z¯ − 1
4
α(ϕT Z¯ + ϕ¯TZ)−M2ϕ¯Tϕ)
(3.23)
here we use the notation
dµ = ∂µ − igAµ, d¯µ = ∂µ + igAµT (3.24)
and taking advantage of the equations of motion of auxiliary fields
Z = ϕ+
2
α
dµd
µϕ, Z¯ = ϕ¯+
2
α
d¯µd¯
µϕ¯ (3.25)
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we can rewrite the action (3.23) in the equivalent form of
S¯0 = tr
∫
d4x(− 1
4
FµνFµν + m
2
2
DµFµνDλFλν + (dµϕ)T d¯µϕ¯
− 1
α
(dµd
µϕ)T d¯µd¯µϕ¯−M2ϕ¯Tϕ)
(3.26)
here Fµν = Fµν − ig [Aµ, Aν ] , Dµ = ∂µ− ig [Aµ, Aν ] and the main differences compared
to the real scalar case are caused by the extra factor i, furthermore the local gauge
transformations after the deformation procedure are modified as
δλA
a
µ = ∂µλ
a − igfabcAbµλc, δλϕi = igΓiajϕjλa, δλϕ¯i = −igΓjaiϕ¯jλa (3.27)
4 Massive Dirac spinor fields
We shall consider the following free Lagrangian density between the Abelian gauge
fields Aµ and the Dirac spinor fields (ψαi , ψ¯iα) with higher derivative terms described by
L = LGE + ψ¯iα(γµ∂µ)αβψβi + (∂ωψ¯iσγωσα )((γν∂ν)ατ (γµ∂µ)τβ)ψβi −Mψ¯iαψαi (4.1)
here LGE is the generalized electrodynamics density and γµ are the standard Dirac’s
gamma matrices satisfying {γµ, γν} = 2δµν . The equations of motion of the Dirac fields
in the component form are
((γµ∂µ)
σ
β − (γω∂ω)σα(γν∂ν)ατ (γµ∂µ)τβ)ψβi −Mψσi = 0 (4.2)
instead of the Lagrangian (4.1), for convenience we will adopt the matrix form ψ =
(ψ1, ..., ψM)
T and ψi = (ψαi ) together with ψ¯ = (ψ¯1, ..., ψ¯M), (ψ¯i) = (ψ¯iα) and by means
of the auxiliary Dirac fields Z = (Zαi )T , Z¯ = (Z¯iα), the above Lagrangian density is
converted into the following equivalent one
L˜ =− 1
4
F aµνF
µν
a −
m2
2
BaµB
µ
a +m
2∂µB
a
νF
µν
a − (∂µψ¯iγµ)(γν∂ν)Zi
+ Z¯i(γµ∂µ)ψi + ψ¯
i(γµ∂µ)ψi + Z¯
iZi −Mψ¯iψi
(4.3)
written explicitly, the equations of motion for (ψ, ψ¯) and the auxiliary fields (Z, Z¯) are
governed by
(γµ∂µ)ψi + Zi = 0, (γ
µ∂µ)(γ
ν∂ν)Zi + (γ
µ∂µ)ψi −Mψi = 0,
(∂µ∂νψ¯
i)γµγν + Z¯i = 0, ∂µZ¯
iγµ + ∂µψ¯
iγµ +Mψ¯i = 0
(4.4)
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plugging these equations into (4.3), it is easy to return to the original Lagrangian density
as well as the dynamic equations (4.2). By analogy with the previous discussions, the
local gauge transformations are
∆λA
a
µ = ∂µλ
a, ∆λψ
α
i = 0, ∆λψ¯
i
α = 0, ∆λZ
α
i = 0, ∆λZ¯
i
α = 0 (4.5)
In the case of the Dirac spinor fields, the non-trivial action of Koszul-Tate differ-
ential on the generators ψ∗i, ψ¯∗i , Z∗i, Z¯∗i of the BRST complex present in the following
way
δψ∗iα = (∂µZ¯
iγµ)α + (∂µψ¯
iγµ)α +Mψ¯
i
α, δZ
∗i
α = −(∂µ∂νψ¯iγµγν)α − Z¯iα,
δψ¯∗αi = −(γµ∂µγν∂νZi)α − (γµ∂µψi)α +Mψαi , δZ¯∗αi = −(γµ∂µψi)α − Zαi
(4.6)
applying these and considering the ansatz as shown in (2.39) we get
δ(−iψ∗iΓjaiψj − iψ¯iΓ¯jaiψ¯∗j − iZ∗iT jaiZj − iZ¯iT¯ jaiZ¯∗j )
=∂µJ
µ
a + iZ¯
iγµΓjai∂µψj + iψ¯
iγµΓjai∂µψj − iMψ¯iΓjaiψj − i(∂µψ¯iγµ)Γ¯jai(γν∂ν)Zj
+ iψ¯iΓ¯jaiγ
µ∂µψj − iMψ¯iΓ¯jaiψj − i(∂νψ¯i)γµγνT jai∂µZj + iZ¯iT jaiZj
+ iZ¯iT¯ jai(γ
µ∂µ)ψj + iZ¯
iT¯ jaiZj
(4.7)
here the matter currents are given by
Jµa = i((∂νψ¯
iγν)γµT jaiZj + (ψ¯
iγµ)Γ¯jai(γ
ν∂νZj)− Z¯iΓjaiγµψj − ψ¯iΓjaiγµψj) (4.8)
imposition of the non-trivial local cohomology for δ will result in
Γjai + T¯
j
ai = 0, Γ
j
ai + Γ¯
j
ai = 0, Γ¯
j
ai + T
j
ai = 0, T
j
ai + T¯
j
ai = 0 (4.9)
when expressed in matrix form these relations read
Ta = Γa, T¯a = −Γa, Γ¯a = −Γa (4.10)
of course, also it is not hard to deduce the conserved currents Jµa from the symmetry
transformations
∆ψα = iξaΓaψ
α, ∆ψ¯α = −iξaΓTa ψ¯α, ∆Zα = iξaΓaZα, ∆Z¯α = −iξaΓTa Z¯α (4.11)
of the spinor fields for the global constants ξa. Then setting Aµ = AaµΓa and this form
of the gauge fields suggests that we can construct the first-order deformation of the
spinor fields as
Sm1 =
∫
d4xi((∂νψ¯)
TγνγµAµZ − (ψ¯γµ)TAµ(γν∂νZ)− Z¯TAµγµψ − ψ¯TAµγµψ) (4.12)
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it is worth commenting that in the above expression the matrices Γa act upon the
components in the matter field vectors while the Dirac’s gamma matrices operate on
the components of spinors, these two actions are independent and commute with each
other, hence we could exchange them from left to right or the other way round safely.
Now the basic problem is again to seek for the solutions of (2.68) and as can be
seen from the above results we acquire
SA1 = tr
∫
d4xi(−A∗µ [η, Aµ]−B∗µ [η,Bµ]− ψ∗Tηψ + ψ¯TηT ψ¯∗
− Z∗TηZ + Z¯TηT Z¯∗ + 1
2
η∗ [η, η])
(4.13)
a straightforward calculation thus yields
(Sm1 + S
A
1 , S
m
1 + S
A
1 ) =− 2
∫
d4x((∂νψ¯)
TγνγµηAµZ + ψ¯
Tηγνγµ∂ν(AµZ)
+ ψ¯TγµAµηγ
ν∂νZ + ∂ν(ψ¯
TAµ)γ
µγνηZ)
(4.14)
and as a matter of fact, it is easy to check that the solution is expressible in the form
of
Sm2 = −
∫
d4xψ¯TγνγµAνAµZ (4.15)
then we have to go further to construct the third-order deformation and indeed we find
(S1, S
m
2 ) = 0 (4.16)
which is not hard to examine and hence we conclude that Si = 0 for i ≥ 3. In the
same manner, the antighost number zero part S¯0
[
Aµ, ψ, ψ¯, Z, Z¯
]
of the solution of the
deformation master equations takes the expression as
S¯0 = tr
∫
d4x(− 1
4
FµνFµν − m
2
2
BµB
µ +m2DµBνFµν − (d¯µψ¯)TγµγνdνZ
+ Z¯Tγµdµψ + ψ¯
Tγµdµψ + Z¯
TZ −Mψ¯Tψ)
(4.17)
then making using of the equations of motion of auxiliary spinor fields
Z = −γµdµψ, Z¯ = −d¯ν d¯µψ¯γµγν (4.18)
we arrive at the following equivalent form of the Lagrangian in terms of the classical
dynamic fields
S¯0 = tr
∫
d4x(− 1
4
FµνFµν + m
2
2
DµFµνDλFλν + ψ¯Tγµdµψ −Mψ¯Tψ
+ (d¯µψ¯)
Tγµγνdνγ
ωdωψ)
(4.19)
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apparently, such Lagrangian density describes the interactions among the Abelian gauge
fields and a collection of massive spinor fields with higher order derivative terms and we
emphasize again that the deformed system is invariant under the following non-Abelian
gauge transformations
δλA
a
µ = ∂µλ
a − igfabcAbµλc, δλψαi = −iΓjaiψαj λa, δλψ¯iα = iΓiajψ¯jαλa (4.20)
5 Conclusion and discussion
In this paper, we primarily propose the derivation of the consistent interactions in
Yang-Mills gauge theory coupled to matter fields with higher derivative terms. We
make using of the auxiliary fields to reduce the higher derivative to first-order and the
number of dynamical variables of the resulting system will be twice than the original
one. Then applying the standard BRST deformations procedure and utilizing the equa-
tions of motion of the auxiliary fields, we are capable of obtaining the added interaction
terms which are consistent with the deformation master equations. A natural general-
ization of this work is the construction of consistent interactions from the Hamiltonian
BRST-invariant deformation approach in such higher derivative free theories. More
precisely, in the reduced formalism, it is convenient to establish the BRST charge as
well as the BRST-invariant Hamiltonian from the standard method in the procedure of
BRST quantization and in order to derive the consistent interactions, we express the
deformed Hamiltonian and the BRST charge in terms of power series expansion of the
deformation parameter. Afterwards, it is reasonable to require that the nilpotency of
the BRST charge and the commutativity between the Hamiltonian and BRST charge
should be preserved which will lead to a set of iterative equations coming from the
perturbative expansion order by order. Through solving these equations recursively
we are able to gain various consistent interactions at different orders in the original
system both for gauge and matter fields or among a collection of gauge fields. We
might obtain the Abelian and the non-Abelian Lagrangian action by extracting the
first-class Hamiltonian of the interacting theory after the deformation process as we
can imagine. Another useful method to deal with the higher-order derivative field the-
ories is the Ostrogradsky formalism and in this approach, we enlarge the number of the
canonical momenta from the higher-order time derivatives of the dynamic variables. In
such extended phase space, the Hamiltonian of the higher derivative system can be cast
in terms of these additional canonical phase coordinates in a first-order form which is
more familiar and tractable. Following the lines of the standard Hamiltonian BRST
deformations, it makes possible to deduce the consistent interactions and we speculate
– 28 –
that these deformation terms will be identified with those derived in the order reduction
method mentioned above. All of these would be interesting to exploit in future.
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